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Abstract 

In this paper we consider a class of BSDEs with drivers of quadratic growth, on a 
CN ■ stochastic basis generated by continuous local martingales. We first derive the Markov 

^ I property of a forward-backward system (FBSDE) if the generating martingale is a strong 

■ Markov process. Then we establish the differentiability of a FBSDE with respect to the 
I initial value of its forward component. This enables us to obtain the main result of 

■ this article, namely a representation formula for the control component of its solution. 
The latter is relevant in the context of securitization of random liabilities arising from 

■ exogenous risk, which arc optimally hedged by investment in a given financial market 
^\ [ with respect to exponential preferences. In a purely stochastic formulation, the control 

■ process of the backward component of the FBSDE steers the system into the random 
liability, and describes its optimal derivative hedge by investment in the capital market 
the dynamics of which is given by the forward component. The representation formula 
of the main result describes this delta hedge in terms of the derivative of the BSDE's 

■ solution process on the one hand, and the correlation structure of the internal uncer- 
tainty captured by the forward process and the external uncertainty responsible for the 
market incompleteness on the other hand. The formula extends the scope of validity 
of the results obtained by several authors in the Brownian setting. It is designed to 
extend a genuinely stochastic representation of the optimal replication in cross hedging 
insurance derivatives from the classical Black-Scholes model to incomplete markets on 
general stochastic bases. In this setting, Malliavin's calculus which is required in the 
Brownian framework is replaced by new tools based on techniques related to a calculus 
of quadratic covariations of basis martingales. 
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1 Introduction 

In recent years Backward Stochastic Differential Equations (BSDEs for short) with drivers 
of quadratic growth have shown to be relevant in several fields of application, e.g. the 
study of properties of PDEs (see e.g. [19, 5]). Closer to the subject of this work, they 
were employed to provide a genuinely stochastic approach to describe optimal investment 
strategies in a financial market in problems of hedging derivatives or liabilities of a small 
trader whose business depends on market external risk. The latter scenario was addressed 
for instance in [12, 2, 3, 18]. A small trader, such as an energy retailer, has a natural source 
of income deriving from his usual business. For instance, he may have a random position 
of revenues from heating oil sales at the end of a heating season. To (cross) hedge his 
risk arising from the partly market external uncertainty present in the temperature process 
during the heating season, for example via derivatives written on temperature, he decides 
to invest in the capital market the inherent uncertainty of which is only correlated with 
this index process. If the agent values his total income at terminal time by exponential 
utility, or his risk by the entropic risk measure, he may be interested in finding an optimal 
investment strategy that maximizes his terminal utility resp. minimizes his total risk. The 
description of such strategies, even under convex constraints for the set of admissible ones, 
is classical and may be achieved by convex duality methods, and formulated in terms of 
the analytic Hamilton-Jacobi-Bellman equation. In a genuinely stochastic approach, [12] 
interpreted the martingale optimality principle by means of BSDEs with drivers of quadratic 
growth to come up with a solution of this optimal investment problem even under closed 
constraints that are not necessarily convex. The optimal investment strategy is described 
by the control process in the solution pair of such a BSDE with an explicitly known driver. 
Using this approach the authors of [3] investigate utility indifference prices and delta hedges 
for derivatives or liabilities written on non-tradable underlyings such as temperature in 
incomplete financial market models. A sensitivity analysis of the dependence of the optimal 
investment strategies on the initial state of the Markovian forward process modeling the 
external risk process provides an explicit delta hedging formula from the representation of 
indifference prices in terms of forward-backward systems of stochastic differential equations 
(FBSDEs). In the framework of a Brownian basis, this analysis requires both the parametric 
as well as variational differentiability in the sense of Malliavin calculus of the solutions of 
the BSDE part (see [2, 3, 5]). Related optimal investment problems have been investigated 
in situations in which the Gaussian basis is replaced by the one of a continuous martingale 
([17] and [18], see also [13]). 

In this paper we intend to extend this utility indifference based explicit description of a 
delta hedge to much more general stochastic bases. Our main result will provide a prob- 
abilistic representation of the optimal delta hedge of [3], obtained there in the Brownian 
setting, to more general scenarios in which pricing rules are based on general continuous 
local martingales. We do this through a sensitivity analysis of related systems of FBSDEs 
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on a stochastic basis created by a continuous local martingale. As the backward component 
of our system, we consider a BSDE of the form (1.1) driven by a continuous local martingale 
M with dynamics 

Yt = B- I ZsdMs+ [ fis,Ys,Zs)dCs- [ dLs + ^ [ d{L,L)s, t G [0,T], (1.1) 
Jt Jt Jt ^ Jt 

where the generator f is assumed to be quadratic as a function of Z, the terminal condition 
B is bounded, C is an increasing process defined as C := arctan (^^(M(*\ M^*))) , L is a 
martingale orthogonal to M with quadratic variation {L, L) and k is a positive constant. A 
solution of (1.1) is given by a triplet (Y, Z, L). The forward component of our system is of 
the form 

rs PS 

Xs = x+ a{r,Xr,Mr)dMr+ b{r,Xr,Mr)dCr, s€[0,T]. (1.2) 
Jo Jo 

We first prove in Theorem 3.4 that the solution processes Y and Z satisfy the Markov 
property, provided the terminal condition 5 is a smooth function of the terminal value 
of the forward process (1.2) and that the local martingale M is a strong Markov process. 
There is a subtlety in this setting which goes beyond causing a purely technical complication, 
namely that only the pair {X, M) is a Markov process (as proved for example in [21, 7, 22]). 
Only if M has independent increments it is a stand-alone Markov process. We then show 
in Theorem 4.6 that the process Y is differentiable with respect to the initial value of the 
forward component (1.2) and that the derivatives of Y and Z again satisfy a BSDE. The two 
properties then combine to allow us to state and prove the main contribution of this paper. 
Thereby our delta hedge representation (Theorem 5.1) generalizes the formula obtained in 
the Gaussian setting, see [3, Theorem 6.7] for the quadratic case and [14, Corollary 4.1] for 
the Lipschitz case. More precisely, we show that there exists a deterministic function u such 
that 

Zs = d2u{s,Xs,Ms)a{s,Xs,Ms) + dMs,Xs,Ms), (1.3) 

where Yg = u{s, Xs, Ms), s € [0, T], and di denotes the partial derivative with respect to the 
z-th variable (see Theorem 5.1). In addition we show that if M has independent increments 
and the coefficients of the forward process do not depend on M, then Yg = u{s,Xs) and 
equality (1.3) becomes Zs = d2u{s, Xs)cr{s, Xs) which coincides with the formula known for 
the case in which M is a Brownian motion. To the best of our knowledge, relation (1.3) 
is known only in the Brownian setting and the proof used in the literature relies on the 
representation of the stochastic process Z as the trace of the Malliavin derivative D {i.e. 
Zg = DgYg, s € [0, T]) relative to the underlying Brownian motion. Since Malliavin's calculus 
is not available for general continuous local martingales, we propose a new approach based 
on stochastic calculus techniques, in which directional variational derivatives of Malliavin's 
calculus are replaced by absolute continuity properties of mixed variation processes of local 
basis martingales. Note also reference [4], where a Markovian representation of the solution 
(y, Z) of the solution of a BSDE driven by a symmetric Markov process is given and whose 
driver is Lipschitz in z and satisfies a monotonicity condition in y (see [4, Condition (H2), 
p. 35]). However the representation of the component Z is not exactly similar to our 
representation (compare [4, Theorem 5.4] and Theorem 5.1) due to a lack of regularity of 
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the BSDE's driver in the setting of [4]. Note finally that the method employed in [4] relies on 
the calculus of Fukushima (see [11]) for symmetric Markov processes. We finally emphasize 
that the local martingale M considered in this paper is not assumed to satisfy the martingale 
representation property. 

The layout of this article is as follows. In Section 2 we state the main notations and 
assumptions used in the paper. We discuss the Markov property of an FBSDEs in Section 
3. In Section 4 we give sufficient conditions on the FBSDEs to be differentiable in the initial 
values of its forward component, while Section 5 is devoted to the representation formula 
(1.3). Section 6 is devoted to the finance and insurance application of our main result. 



2 Preliminaries 

Notations 

Let (-/Vft)(g[Q -p] be a continuous d-dimensional local martingale with Mq = which is defined 
on a probability basis {Q.^F,{Ft)t£[o^T]^^) where T is a fixed positive real number. We 
assume that the filtration {Ft)te[o,T] is continuous and complete so that every P-martingale 
is of the form Z • M + L, where Z is a predictable d-dimensional process and L a M-valued 
martingale strongly orthogonal to M, i.e. (L, M^*)) = for i = 1,. . . ,d. Here and in the 
following M^^\ i = 1, . . . ,d, denotes the entries of the vector M. We assume that there 
exists a positive constant Q such that 



{m'^'\m^^'^)t <Q, yi<i,j<d, 



a.s. 



The Euclidean norm is denoted by | ■ | and with £ we refer to the stochastic exponential. 
^From the Kunita-Watanabe inequality it follows that there exists a continuous, adapted, 
bounded and increasing real- valued process {Ct)t£[o,T] ^-iid a M'^^'^-valued predictable process 
{qt)te[o,T] such that the quadratic variation process {M,M) can be written as 



{M,M)t= [%rq;dCr, tG[0,T], 
Jo 



where * denotes the transposition. We choose as in [18], C := arctan (Etl(^^'^ ^^^'^) 
We write V for the predictable u-field on x [0, T]. Next we specify several spaces which 
we use in the sequel. Given the arbitrary non-negative and progressively measurable real- 
valued process {^pt)t£[o,T] we define by "^t '■= Jq ipsdCs,0 <t<T. For any /? > 0, n € N 
and p € [1, oo) we set 

• S°° := {X : X [0, T] ^ M I X bounded and continuous process}, 

• SP := : n X [0,T] ^ R \ X predictable process and E[sup4g[o,T] l^tl^] < 

• LP{d{M,M) ®df) 

:= |z : X [0,r] M}""^ \ Z predictable process and E[(/(f \qsZl\^dCs)^ < oo}, 

• M"^ := {X : ft X [0,T] ^ R \ X square-integrable martingale}, 



4 



L°° := {.^ : — 7- M I J-y-measurable bounded random variable}, 

:= : ^ M I ^ J-^^-measurable random variable and ]E[|.^p] < oo}, 
L|(M"^^) := : ^ M I ^ JT^-measurable random variable and E[e'^*T|^|2] < o^}, 



fr2 .- 



|x : X [0,r] ^ M'^^i I X predictable process and ||X||2 := E[/(f e^'^' |Xt|2(iCt] < ooj, 



32 ._ 



|x : X [0,T] ^ M-^^i I X continuous process and := E[supig[o,T] e^*'|Xt|2] < oo}. 

Throughout this paper we will make use of the notation (M*''")5g[^ {t < T, m G M'^^-'^) 
which refers to the martingale 



M*'"" ■.= m + Ms-Mt 



defined with respect to the filtration {J^)se[t,T] with := cr{{Mu — Mt, t < u < s}). 
Obviously, all the preceding definitions can be introduced with M*'"^ in place of M and will 
inherit the superscript For convenience, we write := M^'"^. 

FBSDEs driven by continuous martingales 

In this subsection we present the main hypotheses needed in this paper. Let us fix x € M'"^^ 
and m G M'^'^^ and consider the process X^'"* := '"^)tg[o,T] which is defined as a solution 
of the following stochastic differential equation (SDE) 

X^'"" = x+ f a{s,X^'"',M^)dMs+ f b{s,X^'"',M^)dCs, t e [0,T], (2.1) 
Jo Jo 

where the coefficients a : [0, T] x R"^i x R'^^^i ^ M"><'^ and b : [0, T] x x M'^^^i M"><1 
are Borel- measurable functions. By [9, Theorem 1] and [21, Theorem 3.1], this SDE has a 
unique solution if the following hypothesis is satisfied. 

(HSDE) The functions a and b are continuous in (s, x, m) and there exists a K > such that 
for ah xi,X2 € M"^^ and mi,m-2 G M'^^^ 

|cr(s,xi,mi) - cr(s,X2,m2)| + \b{s,xi,mi) - 6(s,X2,m2)| < K{\xi - X2I + \mi - m2|), 

for all s S [0, T]. Next we give some properties of BSDEs which depend on the forward 
process X^'"^. More precisely we consider BSDEs of the form 

r>T rT f-T 



x,m 
r 



y^^'^" =F(X^''",M^) - / Z^''^dMr+ [ f{r,X^''^,M^,Y^^''^,Z^'"'q;)dCr- [ dL. 

Jt Jt Jt 

+ |^^d(L-'™,L-'-)„ te[0,T], (2.2) 
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where F : M"^i xM'^^i ^ M and / : x [0,r] xM"^i xM^><i xMxRi^'^ ^ M are ^(M"^!)- 
respectively P ;B(M"^i) ^(M'^^'i) B{R) O ^(IRi>''^)-measurable functions. By B{M.'^) 
we denote the Borel u-algebra. A solution of the BSDE with terminal condition F{X^'^), 
a constant k and generator f is defined to be a triple of processes (y^:^^ z^'^, L^'^'') € 
5~ X L'^{d{M, M) O dP) x satisfying (2.2) and such that (L^'"', M') = i = I, . . . ,d, 
and P-a.s. |/(r, X,"'"^, M™, y,"'™, Z,"'™(7;)|(iC, < oo. 

Let V := M"^^ x W^^^ x M x M^^*^ and assume that (HSDE) holds. Furthermore we define the 
measure y{A) = E[J^ lA{s)dCs] for all A G B{[Q,T]) ® T. Under the following conditions 
existence and uniqueness of a solution of the backward equation (2.2) was recently discussed 
in [18, Theorem 2.5]: 

(HI) The function F is bounded. 

(H2) The generator / is continuous in (y, z) and there exists a nonnegative predictable 
process r] such that Jq r]sdCs < a, where a is a positive constant as well as positive 
numbers h and 7, such that z^-a.e. 

|/(s,x,m,?/,z)| < ry^ + 5rys|?/| + with 7 > 7 > 6, (x,m,y,z)GV. 

An additional assumption is needed to obtain uniqueness (see [18, Theorem 2.6]): 

(H3) For every /? > 1 we have /J^ |/(s, 0, 0, 0, 0)|dCs G L^(P). In addition, there exist two 
constants /u and z^, a nonnegative predictable process d satisfying Jq^ \qsQs\^dCs < cg 
{cg G M), such that iz-a.e. 

{yi-y2){f{s,x,m,yi,z)-f{s,x,m,y2,z)) < ^|yi-y2p, {x,m,yi,z) G V, i = 1,2, and 

\f{s,x,m,y,zi)-f{s,x,m,y,Z2)\ < i^{\qsOs\ + \zi\ + \z2\)\zi-Z2 \ {x,m,y,Zi) G V, i = 1,2 

In this paper we will deal with martingales of bounded mean oscillation, briefly called BMO- 
martingales. We recall that Z ■ M is a BMO-martingale if and only if 

i_ 

2 

< 00, 

where the supremum is taken over all stopping times r < T. We refer the reader to [15] for 
a survey. Speciflcally we need the following hypothesis. 

(H4) There exist a '^-valued predictable process K and a constant a G (0, 1) such that 
• M is a BMO martingale satisfying i^-a.e. 

{yi - y2){f{s,x,m,yi,z) - f{s,x,m,y2,z)) < \qsK*\'^''\yi -y2p 

for all{x, m, yi, z) G V, i = 1,2, and 

\f{s,x,m,y,zi) - f{s,x,7n,y,Z2)\ < \qsK*\\zi - Z2I 

for all (x, m, y, Zi) G V, i = 1, 2. 



|Z-M|| 



BMO2 



sup E 



\qsZ:\'dCs 



Fr 
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Throughout this paper we also consider a second type of BSDEs also associated to the 
forward process X^'"^ solving (2.1), i.e. 



Jt Jt Jt 



T 



(2.3) 



t € [0, T], where iV is a square-integrable martingale. This type of BSDEs has been studied 
by El Karoui and Huang in [13]. Under the following assumptions on terminal condition 
F{X^'"',Mp) and generator /, there exists a unique solution ([/t,^,"^^ y*,^,'™^ at*'^'"') G 
X Ml X ^-i^g Bgj3E 2.3: 

(LI) The function F satisfies F{X^'"^,M^') G L|(M"^i x M"^^!) for some /? large enough. 
(L2) The generator / satisfies z^-a.e. 

\f{s,x,m,yi,zi)-f{s,x,m,y2,Z2)\ < rs\yi-y2\+0s\zi-Z2\, {x,m,yi, zi) G V, i = 1,2, 

where r and 6 are two non-negative predictable processes. Let a1 = + Ol- We 
assume z^-a.e. that > and ■^^'^''^^ G ]H[| for some /3 > large enough. 

We conclude this section by presenting assumptions which will be useful in Section 4, where 
we find sufficient conditions for a FBSDEs to be differentiable in its initial values [x, m) G 
j^nxi ^ j^dxi^ Given a function g : [0, T] x ]R"^i x R''^^ M we denote the partial derivatives 
with respect to the i-th variable by dig{s, x, m) and, if no confusion can arise, we write 
d2g{s,x,m) := {di+jg{s,x,m))j=i^,„^n and d3g{s,x,m) := {di+n+jg{s,x,m))j=i^,„^d- To 
simplify the notation we introduce for each pair (a, b) of forward coefficients the second 
order differential operator 

n d 

U *1 / \ 

+3 



i=l *ii=l *=i j=i 

^ d n ^ d d 



1=1 J=l j=l J=l 

(Dl) The coefficients a and b have locally Lipschitz partial derivatives in x and m uniformly 
in time. 

(D2) The function F is twice differentiable and such that XliLi ^iFuij + dn+jF for all 
j = 1, . . . , d, and CF have locally Lipschitz partial derivatives. 

(D3) The generator / is differentiable in x, m, y and z and there exist a constant C > and 
a nonnegative predictable process 6 satisfying /q \qs6s\^dCs < cq {cq G M), such that 
the partial derivatives satisfy z^-a.e. 

|(9i/(s,x,m,2/,z)| < C{\qs6s\ + l^]), {x,m,y,z) G V, i = 2, . . . ,5. 
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(D4) The generator / is differentiable in x, m, y and z and there exist a constant C > 
and a nonnegative predictable process 6 satisfying \qs6s\'^dCs < cq (cq G M), such 
that the partial derivative d^f is Lipschitz in {x,m,y,z) and for all i = 2, . . . , 4 the 
following inequality holds v-a.e. 

\dif{s,xi,mi,yi,zi) - dif{s,X2,m2,y2,Z2)\ 

< C{\qs0s\ + l^il + |22|)(|a;i - X2\ + \mi - m2\ + \yi - 2/2! + \zi - Z2\), 
for all {xj,mj,yj, Zj) € S,j = 1,2. 



3 The Markov property of FBSDEs 

For a fixed initial time t G [0, T) and initial values x G M'"^^ and m G W^^^ we consider a 
SDE of the form 

X'f'^ = ^ + X'^"'"',M'^^)dMu + X*'^'™, M'^^)dCu, s G [t, T], (3.1) 

where M is a local martingale as in Section 2 with values in W^^^, a : [0, T] x M'"^^ x M*^^^ — > 
]^nxd j^j^^ 5 . [Q^2"] X M"><1 X M"^^! ^ R"^i. Throughout this chapter the coefficients a and 
b satisfy (HSDE) and hence (3.1) has a unique solution x*'^'™. Before stating and proving 
the main results of this section we recall the following proposition which is a combination 
of [7, Theorem (8.11)] (see also [22, V. Theorem 35]) and [20, Theorem 5.3]. 



Proposition 3.1. i) If M is a strong Markov process then {Mg ,Xs ' )s(=[j^t] ^■^ <^ 
strong Markov process. 

a) If M is a strong Markov process with independent increments and if the coefficients a 
and b do not depend on M , that is to say 



X*'" = x+ r a{u, X*'^)dM, + /' b{u, X*'" 
Jt Jt 



then the process {Xs'^)g^[i^x] itself is a strong Markov process. 

Note that in [2, 3, 14] the martingale considered is a standard Brownian motion so that 
situation ii) of the proposition above applies. In fact this case presents at least two major 
advantages, firstly the process X is a Markov process itself and secondly the quadratic 
variation of M is deterministic. 

This section is organized as follows. We first prove in Proposition 3.2 that the solution of 
a Lipschitz BSDEs associated to a forward SDE of the form (3.1) is already determined by 
the solution X^'^'"^ of (3.1) and the Markov process M*'™. In Theorem 3.4 we then extend 
this result to quadratic BSDEs. 

Consider a BSDEs of the form 

J s J s 
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T 



diV;'^'"', se[t,T]. (3.2) 



We suppose that the driver does not depend on 0, and hence is a deterministic Borel measur- 
able function / : [0, T] xM'^^^i xM"'^^! xExM^^^'^ M. If F and / satisfy hypotheses (LI) and 
(L2) then the BSDE (3.2) admits a unique solution (f/*'^''™, yt,^,m^ ^i,x,m) e §2 ^ x TW^ 

(see [13, Theorem 6.1]). By Be (]R">'ixM°'^i) we denote the a-algebra generated by the family 



nx 1 ^ j^dx 1 



of functions (x, m)^E // 4>{s, xr '"\ Ml''^)dCs , where (/> : J7 x [0, T] x 
is predictable, continuous and bounded. 

Proposition 3.2. Assume that M is a strong Markov process and that (LI) and (L2) are 
in force. Then there exist deterministic functions u : [0, T] x M"^-^ x W^^^ ;S([0,T]) (8) 

i3e(M"^i X W^^^) -measurable and v : [0,r] x M^^i x M^^i ^ M^^^^, i3([0, T]) (g) 0e(M"^i x 
W^^^) -measurable such that 

;7*'^.'" = -u(s,X*'^'"\M*'"), yi'^'"' = i.(s,X*'^''^,M*''"), sG[i,T]. (3.3) 

Remark 3.3. Before turning to the proof of Proposition 3.2 we stress the following point. 
Assume M and X are as in Proposition 3.1 ii) and that the driver f in (3.2) does not 
depend on M , then Proposition 3.2 is equivalent to the existence of deterministic functions 
u : [0,r] x R"^i ^ M, B{[Q,T\) ® BeiW""^) -measurable and v : [0,r] x M"^i ^ M}""^ , 
i3([0,r]) ® Be{W'^'^) -measurable such that 

U'f = u{s,X'f), Vt'' = v{s,X'f), s^[t,T]. 

Proof of Proposition 3.2. Consider the following sequence ([Z*^'*'^''", y^'*'^'™, A^^'*'^'™)^>q of 
BSDEs 

jjO,t,x ^0,t,x Q 

T f-T 

We recall an estimate obtained in [13, p. 35]. Let a > and /3 > be as in Section 2. Then 

^^^^jjk+l,t,x,m jjk,t,x,m'j^i2 _j_ t,x,m. -^fc,i,x,m^* ||2 _j_ || ^^fe+l,t,2:,»Ti J\J■k,t,x,m^j^^2 

Tk,t,x,m, TTk—l,t,x,m,\\\2 , \\ rk,t,x,Tn T/fc— l,t,x,r?i\* ||2 , \\ / ]\Tk,t,x,m nTk—l,t,x,'m\\\2 



^ g, 1^ II ^^^/e,i,x,m ^fc— i,t,a;,m^ ||Z _j_ ||^^-^^K,i,x,m -^^fe— i,t,x,r?i^* ||2 _|_ ||^^/e,i,x,m j^k 

where e is a constant depending on /3 which can be chosen with e < 1. Applying the result 
recursively we obtain 

||^^jyfc+l,t,a;,m jjk,t,x,'m^^^2 _j_ ||^^-^^A:+l,i,x,m -^^fcjtjXjm.-j* |j2 _|_ || ^^fc+l,i,x,m ^A;,i,x,m^ ||2 

< e'' (|[a(C/^'*'^'™ - ;70'*.^.™)||2 _^ ^^q^yl,t,x,m _ y0,t,x,my^^2^ _^ ||^^l,i,x,m _ ^0,t,x,m^ ||2 ^ ^ 
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Since 



||Q,|-^fc+l,i,x,m_^fc,t,x,m-j||2 _^||^|-yfe+l,t,x,m_-j^fc,i,x,m^*||2_^||^^ 



k+l,t,x,m ji.Tk,t,x,m\\\2 



k=0 



the sequence [uk,t,x,m^Yk,t,x,m^ ]>^k,t,x,rn-^^ converges u-a.e. to (^j*-^,'"^ y*.^."*^ at*.^.™) as k 
tends to infinity. 

We show by induction on > 1 the following property (Propk): 



(Propk) There exist deterministic functions : [0,T] x 



Be 
Be. 



pnxl ^ iiprfxl 



)-measurable and ^ : [0, T] x 
)-measurable such that [/. 



pnxl ^ mcixl 



k,t,x,m 



^>'=(s,X*'^''^,Mi''") and 



^1^^ S([0,T]) 



^''^(s, X*''''™, Mi'""), for t < s < T, A; G N. 



k,t,x,m 



Proof of (Propi): From the definition of [/i'*'2:,m ^^^j^ since iV^'*'^'™ is a martingale we have 
for s G [t, T] 



(3.5) 



E 



r 

F{x!f^'^,M'rf')- / /(r,X*'^'™,M^*'"^,0,0)dC,|j: 

J s 



The Markov property and Doob-Dynkin's Lemma give 



jjl,t,x,m ^ g 



Fix'/'"", M^™) - / /(r, M,*''", 0, 0)dC,|7-* 

J s 
[■T 

F(X^^''",M^"') - / /(r,X;'^''",iV4*'"^,0,0)da|(X*'^'™,M*'"^) 

J s 



E 



where : [0,r] x x M'^^i 



Now let 



jji,t,x,m ^ /(r,X^'^'™,M;'"^,0,0)(iC,, s G [t,T]. 



Then for s G [t, T] 



(3.6) 



hence using the localization technique we can assume that /ji'*.^.™ ig a strongly additive (in 
the sense of [7, p. 169]) square integrable martingale. Now we apply [6, Theorem (2.16)] to 
3^^ := M and 3^^ := R. Thus there exit two additive locally square integrable martingales 



and M"^ , two deterministic functions : [0, T] x 



pnxl 



such that 



3^1 = and 3^, = // ^\s, X*'"''", Ml''^)dMl + // ^^{s, X*'"''", M's'"')dMl By definition 
of we deduce that M"^ has to be equal to A^^'*'^'"^ (showing that N^'^'^'"^ is additive) and 
that ^'^ = 1. This shows that 



U,x,m _^l^^^j^t,x,m^^t,m^^ 1/ - O.e.. 



' s 
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Let A; > 1, we prove (Propk) =^ (Prop^j^i). For s G [t-,T] we have 



jjk+l,t,x,m -g 

=E 
=E 



U. 



such that 



where /'^(r, y, z) := f{r, y, ^^{r, y, z), ^^{r, y, z)q*). Using the same argument as in the case 
A; = 1 we deduce that there exists a function ^^^^ : [0, T] x 

jjk+l,t,x,m $'^^"'^^5 j^t,x,m ]\^t,m 

For se[t,T] let 



k+l,t,x,m 



Following the same procedure as before, we deduce that there exists a function ^1''^+^ 
[0,r] X M"^i X M'^^^ ^ Ri^'^ such that 



k+l,t,x,m 



Let 



rt(r, z) := lim sup $ {r,y,z), i)(r, y, z) := limsup {r,y,z). 



Since the sequence ([/'^.^.a;^ ^t.x.m-j^ converges i/-a.e. to ([/*.^.™^ y*:a:,m^ ^i,a;,m-) ^ 

tends to infinity we have for s € [i,T] 

'u(s,X*'^''",M*''") =(limsup$'^)(s,X*'^'™,Mi'™) = limsup(^>'=(s, X*'^''", M*'"')) 

fc— )-oo fc^oo 

= limsupC/^*'^'"^ = ^7*'^''". 



Similarly we obtain 



v{s,xr'^,Mm = v, 



rt,x,m 



□ 



We conclude this section by extending Proposition 3.2 to a quadratic FBSDE. More precisely 
we consider the following BSDEs 



pT rT 
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^ dL'f^"" + (i(L*'"'"^, L*'"'™)„, s G [i, T], (3.7) 

where the forward process X*'^'*" is a solution of (3.1). Again we suppose that the driver 
/ does not depend on Q. and hence is a deterministic Borel measurable function / : [0, T] x 
j^nxi X M^xi X M X Ri^^ ^ M. If F satisfies (HI) and / hypotheses (H2) and (H3) then the 
BSDE (3.7) admits a unique solution (y*.^.™, j^t,x,m-^ g §°° x L'^{d{M, M)(g)dF) x 

(see [18, Theorem 2.5]). 

Theorem 3.4. For t G [0, T] we assume that M is a strong Markov process and that 
(H1)-(H3) hold. Then there exist deterministic functions u : [0,r] x W"^^ x W^'^'^ R, 
B{[0,T]) ® Se(]R">^^ x R'^''^) -measurable and v : [0,T] x M"^^ x M"^^! ^ R^""^, B{[0,T]) O 
BeiR"'^^ X R''-^^) -measurable such that 

yta = ^(5^X*'^,m^^t,m)^ Z*'^.™ = ^;(s, X*'^-"^, M*'"^), SG[t,r]. (3.8) 

Remark 3.5. As mentioned in Remark 3.3, in the framework of Proposition 3.1 ii) when 
the driver f in (3.7) does not depend on M , Theorem 3.4 simplifies to the existence of 
deterministic functions u : [0,T] x M"^-*^ — M, 0([O, T]) ® Be{R"^^) -measurable and v : 
[0,T] X real^""^, B{[0,T]) (g) Be{R''''^)-measurable such that 

= u{s,Xln, Zl'- = v{s,Xln, se[t,T]. 

Proof of Theorem 3.4. Existence and uniqueness of the solution of (3.7) under the hypotheses 
(H1)-(H3) have been obtained in [18, Theorems 2.5 and 2.6]. More precisely it is shown in 
the proof of [18, Theorem 2.5] that the solution of a quadratic BSDE can be derived as the 
limit of solutions of a sequence of BSDEs with Lipschitz generators. We follow this proof 
and begin by relaxing condition (H2). Indeed consider the following assumption (H2'). 

(H2') The generator / is continuous in (y, z) and there exists a predictable process rj such 
that r/ > and rjsdCs < a, where a is a positive constant. Furthermore there exists 
a constant 7 > such that i^-a.e. 

\f{s,x,m,y,z)\ <r]s + ^\z\'^, with 7 > {x,m,y,z)£S. 

Assume that one can prove existence of a solution of (3.7) if / satisfies (112') instead of 
(H2). Let fx be the generator / truncated in Y at level K (as in [18, Lemma 3.1]). More 
precisely, set fK{s,x,m,y,z) := f{s,x,m, p{y)K,z) with 



-K, if y < -K, 
y, if |y| < K, 

K, if y > K. 



It is shown in [18, proof of Theorem 2.5, Step 1] that fx satisfies (H2'). Hence by hypothesis 
there exists a triple of stochastic processes (y^^'^ , Z^jf'^ , L^^'"^) which solves (3.7) with 
generator fx- Due to a comparison argument and since fx and / coincide along the sample 
paths of the solution (Y^^'™", Z^^'™", L^'™), it also solves (3.7) with / satisfying (H2). As 
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a consequence our proof is finished if we show that (3.8) holds for the truncated generator 
fx which satisfies (H2'). 

The next step is to consider a BSDE which is shown in [18] to be in one to one correspon- 
dence with the BSDE (3.7) and is obtained via an exponential coordinate change. We only 
give a brief survey and refer to [18, proof of Theorem 2.5, Step 2] for a complete treatment. 
Setting U^'^'^ ■= transforms (3.7) into the following BSDE 

^t,x,m ^^KFix^^n _ y^^'^-'^dM, + / 5(r,X*'^''",M^*'"^,C/^*'^'"^,i;*'^'"^g;)(ia 

J s J s 

f-T 



diV;'^''", se[t,T]. (3.9) 

We refer to a solution of this BSDE as (^u^,^^"',V*'=''"', N*'^''"'). Since fx satisfies (H2'), the 
new generator 

, ^ f r ^r f ln(u V c^) v \ 1 , ,2 

g[s,x,m,u,v) := KPc2{u)fK s,x,m, , , - , ^J v\ 

\ \ K k{u\/ c^) J 2{u\/ C^) 

(x, m, u, v) G 5, satisfies (H2') (where and are two explicit constants given in [18, 
p. 135-136] depending only on (a, k, ||F||oo, 6) where we recall that a and h are the constants 
appearing in the Assumption (H2)) and the triple (y*.^.™-^ ^*.^.»^^ ^*'2;,m-j ^-^j^ 

Inp-f'r/*'^''"'! Yt,x,m 1 

is well defined and is solution to (3.7) with generator fx satisfying (H2'). 

To derive the existence of a solution of (3.9) an approximating sequence of BSDEs with 
Lipschitz generator and terminal condition gC^^^C^T ' )) is introduced in such a way that 

converges c?z/-almost everywhere to g as p tends to infinity. We do not specify the explicit 
expression for g^, since we only need that the sequence is increasing in y, implying the same 
property for the solution component (C/P'*'^'™)pgp}. For more details we refer to [18, proof 
of Theorem 2.5, step 3]. 

Let p > 1. We consider the BSDE (3.9) with generator g^ and terminal condition 
^{kF{Xj. )) g^j^(;g gP ig Llpschltz coutinuous we know from [13, Theorem 6.1] that a unique 
solution ([/P'*'^''", YP,t,^:^^ ]\ip,t,x,m-^ exists. Now we can apply Proposition 3.2 which provides 
deterministic functions and such that 

jjp,t,x,m ^ ^p^^^ ^i,x,m^ ^t,m^ yP,t,x,m ^ ^^^^ ^ ^ 

A subsequence, for convenience again denoted by ([/P'*'^''"^ yP'*'^''"^ _/V^'*'^'''")pgNi converges 
almost surely (with respect to dv) to the solution yt,a;,m^ ^y*'^'"^) of (3.9). Letting 

a(s, y, m) := liminf a^(s, y, m), b{s, y, m) := liminf 6^(s, y, m), 

p— >-oo p— >oo 

is,y,m) G [0,r] x M'^xi x M"xi, we conclude that C/,*'^'"^ = a(s, X^'^'", M,*''") and 14*'^'"^ = 
6(s,Xs'^'™',Mi'™),s G [t,T]. Since (L'"^'*'^'"*)peN is increasing, we may set 

In a b 

Hence the result follows by (3.10) and the one to one correspondence. □ 
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4 Differentiability of FBSDEs 



In this section we derive differentiability of the FBSDE of (2.1)-(2.2) with respect to the 
initial data x and m. The presence of the quantity {L, L) in the equation, where we recall 
that L is part of the solution of (2.2), prevents us from extending directly the usual tech- 
niques presented for example in [2, 3, 5]. Under an additional assumption (MRP) defined 
in Section 4.2 we deduce the differentiability of (2.2) from that of the auxiliary BSDE (4.1). 

4.1 Differentiability of an auxiliary FBSDE 

As mentioned above we first prove the differentiability of an auxiliary BSDE which will 
allow us to deduce the result for (2.2) in Section 4.2. 

For every {x,m) € m("+'^)^^ let us consider the following forward backward system of equa- 
tions 

'"^ = x+ f cj(r, X,^'"^, M^)dMr + f b{r, X^'"" , M^)dCr, 
Jo Jo 

Y^x,m ^ p^x^,m^ ^nr^ _ f z^,m.^Mr + [ f{r, X^'"", , y,^'"^, Z^'"'q;)dCr, (4.1) 

Jt Jt 

where M is a continuous local martingale in W^^^ satisfying the martingale representation 
property and C, q, a, b, F, f are as described in Section 2. A solution of this system is given 
by the triple (x^,"^^ y^,"^^ ^ Sp xS°° x L'^{d{M, M)(g)dF) of stochastic processes. Note 

that the system (4.1) has a unique solution if the coefficients a and b of the forward com- 
ponent satisfy (HSDE) and the terminal condition F and the generator / of the backward 
part satisfy (H1)-(H3). 

In this section we will give sufficient conditions for the system (4.1) to be differentiable 
in (x,m) € Before turning to the backward SDE of the system we provide some 

material about the differentiability of the forward component obtained in [22, V.7]. 

Proposition 4.1. Assume that a and b satisfy (Dl). Then for almost allcj Q there exists 
a solution X^'"^{uj) of (4.1) which is continuously differentiable in x and m. In addition 
the derivatives D^^ := ^XW^''", i,k = l,...n, and D"^^ := ■^X^^''^'^ , i = l,...n, 
k = 1, . . . d, satisfy the following SDE for t € [0, T] 



a=l j=l 

+ Y, di+jb^'Hs,X^^^,Mr)D],,dCs, (4.2) 



+ V r9n_„+fca,„(s,X,-''",Mr)(iMi")+ f d,^^+kb'^'\s,X^'^^\Mr)dCs (4.3) 
1 Jo Jo 
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and g§^M^^'^™' = 6kj, k,j = l,...,d. Furthermore for all p > 1 there exists a positive 
constant k such that the following estimate holds 



E 



sup |Xj ' -X^' \P 
te[o,T] 



Proof. Let X, 



tG[0,T] 



<K(|x-x'p + |m-m'pf. (4.4) 

be the stochastic process with vahies in defined as 

t 



Ml 



This process is the solution of the SDE 

dXf- = a{X^ )dMt, Aq 

with 

a{Xp"^) - 



(0, X, m) 







).M.= | 


Mt ) 







1 
h 

According to [22, Theorem V.39] the derivatives D^, L>™ and g^^^M^^^"^, k,j = l,...,d, 
exist and are continuous in x and m. In addition, formula [22, (D) p. 312] leads to (4.2) 
and (4.3). The estimate (4.4) follows immediately from [22, (***), p. 309]. □ 



We now focus on the BSDE of system (4.1). Let x := {x,m) € and e^, i = 

l,...,n + d, the unit vectors in m("-+'^)^i. For all x, /i 7^ and i E {1, . . . ,n + d} let 
^x,h,i = ^{F{X^'^'^^\M^+^^') - F(X|,M|)). Here it is implicit that only depends on 
the component m in x = (x, m). The following Lemma will be needed later in order to prove 
the differentiability of the backward component. To simplify the notation we suppress the 
superscript i. 

Lemma 4.2. Suppose that (Dl) and (D2) hold. Then for every p > 1 there exists a constant 
K>0, such that for all G ]r{"+'^)xi, h,h' ^0 



E 



le 



x,h cx' ,h' \2p 



< Ki\x-X'\^ + \h-h'\y 



(4.5) 



Proof. We know from Ito's formula 
F(Xf,M™) =F{Xl,M^) 



d ,.t / n _ _ \ 

+ Ey^ \^^d,F{XlMT)a,,{s,XlMT) + dn+jF{XlMT)j dM^ 

+ ll {j2d,F{Xf,MrMs,Xf,Mr) 
1 " 

+ d,,F{XlMT)[{aq) ■ (ag)*],,(., , Mf) 
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^ n d 

+ 2 E E ^^,n+JF{X^ , Mr)[aqq*],j {s, Xf , ) 
i=i j=i 

^ d n 

+ 2 E E ^n+^,F{XlMT)WqYUs, , 

i=l 3=1 

^ d d . 



i=i j=i 

Hence F{Xf ,MJ^) is the solution of an SDE with coefficients 



o-j(s, 5) = ^ diF{x)aij{s, x) + dn+jF{x) for all j = 1, . . . , d, 

i=l 

n 1 " 

i=l *ii=l 

^ n d ^ d n 

+ 2 E E ^i,n+i^(^) + 9 E E 9n+i,jF{x) [q{crq)*]ij {s, : 

i=i j=i 

^ d d 

+ 9 E E 9n+i,n+jF{S:)[qq*]ij{s, i). 



i=l j=l 



i=l j=l 

By (D2) the coefficients a and b have locally Lipschitz partial derivatives and thus together 
with (4.4) the estimate (4.5) follows. 

□ 



The next Lemma shows that we can choose the family (Y^) to be continuous in x S 



(n+d) X 1 



Lemma 4.3. Let (H1)-(H3) and (D1)-(D3) he satisfied. Then for all p > 1 there exists a 
constant c > 0, such that for all x,x' € ]R("+'^)'^i 



E 



sup \Yf-Yf\'P 

t6[0,T] 



+ E 



\qt{Zi - Zfri^dCt 







< c\x — X 



(4.6) 



Furthermore for almost all uj £ there exists a solution Y^{uj) of (4.1) which is continuous 
inxe m("+'^)><i. 

Proof Let 5Y := Y^ - Y^' , 5Z := - Z^' , 5M := M™ - M™' and 5X := X^ - X^' . We 
also set for s € [0, T] 



d^fir, x;, M™, y,^ q; + ciz^ - z^ )q;)dc 



A^:= I dAf{r,X^,M';',Yr +aY? -Yr),ZU:)dQ 
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dsfir, + C(Mr - ), y,^ q;)dC 



d2f{r, + cix^ - ), , , z,^ g;)dc. 



Considering the difference 6Y of the backward component in (4.1) we see that for t G [0,T] 



SZrdMr 



[f{r,X^,M;!',Y,-,Z^q;) - f{r,Xf\MfX\zfq;)]dC, 



+ 



=F(X|, M^) - ,MP)- J 5ZrdMr 

fT 

+ / ((5Zrg;Af + jy^-A^ + 5M;Af + ) da 

^ V ' 

= :g{r,SYr,5Zrq*) 

holds. Note that {5Y, 6Z) can be seen as a BSDE whose generator g satisfies (H4) and 
whose terminal condition F{X^, MJp) — F{X^ , M™ ) is bounded (see (HI)). More precisely 
we derive with (D3) and [18, Lemma 3.1] the existence of a constant c such that for all 
2/1)2/2 G ^ and z, zi, Z2 G M}^'^ u-a.e. 

\9{r,y,zi) -g{r,y,Z2)\ <\A^\\zi - Z2I 

<c{\Qr9r\ + \Zf'q*r\ + \{K " zf )q;\)\zi - Z2\ and 
\g{r,yi,z) - g{r,y2,z)\ <|^^'''||yi - ^2! 

<c{\qr9r\ + \Zfq;\)\yi-y2\. 

Hence we can apply the a priori estimates of Lemma A.l and hence we know that for every 
p > 1 there exist constants q > 1 and c > such that 



E 


sup \6Yt\'^P 


+ E 


[a 




te[o,T] 







f-T 



\qt5Z:fdC, 



< cE 



F(Xf , M^) - F(Xf , ) pP'' + ( / |5Af;^f + 5X;A^ \dG, 



(4.7) 



r* ,1*/ 



^* aX \ 



2pq 



By condition (D3) and Holder's inequality we get 

r-T \ 2pg 



E 



< cE 



E 



(l(?Ai + i^f (?;i)'da 



+ cE 



j\\qrer\ + \Zfql\fdC^ 



2pq 
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Note that E 



12 





iQr-dr I dCf ] 



is bounded by (D3). Furthermore E 



is bounded, as is seen by applying Lemma A.l. Hence 



E 



J \6M;Af + 6X;A^\dCr] 



<c|m-m'pP'? + CE 



sup I^XtpCr 



,tG[0,T] 



<c{\m-m'\'^Pi + x'l^P") 



where the last inequality is due to (4.4). Combining (4.7), condition (D2) and the last 
inequality we obtain 



E 



sup \6Yt 

t6[0,T] 



|2p 



+ E 



T \P 

\qsSZ:\^ 







< c\x-x'\^P. 



Now Kolmogorov's Lemma (see Theorem 73, Chapter IV in [22]) implies that there exists a 
version of (Y^) which is continuous in x for almost all a; € ^2. □ 



For ah /i / 0,x G Ri^+'i)x\t e [0,T] let C/f''' = ^{Yf+'''* -Yf), V^'" = ^{Z^ 

_ 1 /' ji/fX+hei 



A"'" = - Xf), w^'"' = {{M^^"''' - Mf) (where it is imphcit that depends 



only on the component m of f = (a;,m)), and i^'^ = \{F{X^'^^''\M^'^^''') - F(Xf ,M|)). 
We define 6U by 5U = U^'^ - U^'^^' and the processes 5V , (5A, 5w, and 5^ in an analogous 
way. We give estimates on the differences of difference quotients of the family (Y^). 

Lemma 4.4. Let (H1)-(H3) and (D1)-(D4) be satisfied. Then for each p > 1 there exists a 
constant c > such that for any x, x' G and h,h' ^ 



E 



sup \Ut' -Ut ' \P 



<c(\i-i'\^ + \h-h'fy. 



(4.8) 



Proof. This proof is similar to that of Lemma 4.3. By definition of JJ^'^ and of U^''^' we 
have 



jjx,h _^x,h 



+ 



V.^^^dMr 



h I 



f{r, X^+^'\M^+^^\Y,^+^''\ Z^^+^^'q;) - f{r, Xf., ,Y,\ Z^q*] 



(4.9) 



dCr. 



As in the proof of Lemma 4.3 we decompose the integrand in the last term of the right hand 
side of the equality above by writing 

^(/(r, X^+''^\M^+''^\Y^^+^^\ Z^+^^^q;) - f{r, X^,M^,Y^^, Z^ql)) 
=T//'\;(A^)*'^ + uf'^{A^t^^ + wf^^\A^'')^^^ + A*''^(A^)^'\ 
where A^ ,A^ ,A^ ,A-^ are defined as in the proof of Lemma 4.3, for instance 

{A^)fr'' := d5f{r,X^+^'\M^+''^%Yf+''^%Z^q; + e{Z^+'''^ - Zf)q*)de. 
Jo 
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Taking the difference of two equations of the form (4.9) we obtain that {6U, 6V) satisfies the 
BSDE 



6Ut =5^ - r 6VrdMt + r 5Vrq*.{A^)T + )^''^ + 

Jo Jt 



(4.10) 



+ uf''''{{A^)f'^ 

,x,h*/ AX\x,h \x',h'*(/\X\x',h' 



fAY\x'h'\ I „x,h* I AM\x,h „x'h' ( AM\x\h' 



+ A^''^ (A- 



dCr. 



The generator of this BSDE satisfies condition (H4) due to assumption (D3) (details are 
similar to those of the proof of Lemma 4.3 and are left to the reader). By Lemma A.l for 
every p> \ there exist constants g > 1 and c > such that 



E 



sup \5Ut\^'^+( r \qs5V:\^da 



< cE 



T 



\q;{{A 



Z\x,h 



{A^)f'''')\\vf + |C/f ''^■||((A^)^''' - (A^) 



x'h' 



\Y\x,h 



+ \wf'''*{A^'fr''' - wf''' {A^)f''''\ + \A^"''^{A 



x,h*r AX\x,h Ax',h'*/ AX\x',h' 



\Y\x',h' 



2pq 



We estimate separately each part of the right hand side of the inequality presented. First, 
by Cauchy-Schwarz' inequality we have 



E 



£ \q;iiA^f/^ - iA^)f^^')\\vf''''\da^ 



2pq 



< E 



< CE 



-mA^fr''-{A^)f'^')\^dCr) 



2pq 



1/2 



\q;{{A^t^'' - {A^)^^^')\''dCr 



E 



1/2 



IK 



x'h'\2 



dCr 



2pq 



1/2 



since E 



dCr 



2pq 



is bounded by Lemma A.l. Then hypothesis (D4) and a 

combination of Lemma 4.3 and (4.4) lead to the following estimate, in which the constant 
c may change from line to line 



E 



< cE 



T 



2pq 



2;{{A^t'''-{A^t^^')\\V,^'^^'\dCrj 



[■T 

/ \q;{z^ - )|2 + \x^+^^^ - xf +'^'^f + 1 m;+'^^» - Mf+^'^^ p 

Jo ^ V ' 



=x+hei—x'—h'ei 



2pq- 



1/2 
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<c{\x-x'\^ 
Similarly we derive 

r-T 



+ \h-h'\Y\ 



E 



2pq 



<c[\x- x'Y' + \h-h 



We next estimate, with constants c allowed to change from line to line 

E 



T \ 2pg' 







< cE 



2pq- 



■cE 



< cE 



< cE 



=6; 

2pq-\ 



M\x'h'\ 







(|(/A| + |^;'g:i + |^fg:i)'dC, 







1/2 



E 



rx'+h'e,\\2^r' \ 



2pq 



1/2 



where the last inequality is due to hypotheses (D4) and Holder's inequality. An application of 



the a priori estimates from Lemma A.l implies that E 
is bounded. Then, using (4.4) and (4.6), we obtain 

cT 



X 2pg 



E 



< cE 



2pq 



T 



I \rx-irhei \r 



x'+h'ci |2 



+ \Y^^ -Yf\^ + \(Z^ -Z^ 



1/2 



<c(|x-x'p + |/i-/i'p)P'?. 

We now consider the last term whose treatment is similar to that of the term just discussed. 
We therefore give the main computations without providing detailed arguments. We have, 
with a constant C, the value of which may change from line to line. 



E 



T \ 2P'3' 

x,h*/ AX\x,h _ \x',h'* / AX\x',h' 



lA^.'"" {A^ 
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< cE 



|A: 



2pq 



1/2 



E 



T 



X\x,h\2 



dCr 



2pq 



1/2 



+ cE 



2pq 



Af '''\\{A^)f'''-iA^)f ''^ Ida] 



Using (D3) and Lemma A.l we deduce that E 
hypothesis (D4) and (4.4) again we obtain 



2pq 



is bounded. Using 



E 



< cE 



T 



2pq 



T 



+ cE 



2pq 



1/2 







< c{\x-x'\^ + \h-h'\yi. 

We derive 



2pg 



E [15^1^^^] < c(|f - + \h- h'\yi 



from (4.5). This completes the proof of (4.8). 



□ 



Proposition 4.5. Let (H1)-(H3) and (D1)-(D4) be satisfied. Then there exists a solu- 
tion {X^,Y^,Z^) of (4.1), such that X^{uj) andY^{uj) are continuously dijjerentiable in 
X € for almost all u Q. Furthermore there exist processes -§^Z^'^, ^ 

L^{d{M,M)(S)dF) such that the derivatives iU^,Vg) := (gf^i^"^'™, gf^zW'^''"), i = l,...,d, 

k = l,...,n, and (C/f , V^) := {^Y^"'"^, g^zW'^''"), i, A; = 1, . . . , d, solve the following 
BSDE for t € [0, T] 

n d 

mt = E W> MP)D^,T -Y, V^^LdMi") (4.11) 

j=l a=l 
n ,.T 

/ 9i+,/(s,xj'™,Mr,y;'"',^:'"^g:)i^jfe,da 



21 



n ..T 

i=i 

Proof. ^From 4.4 and Kolmogorov's Lemma (see Theorem 73, Chapter IV in [22]) we de- 
duce that there exists a family of solutions (Y^) of (4.1) which is continuously differentiable 
in X for almost all u ^ Q. Finally from equation (4.10) taking h ^ the BSDE follows. □ 



4.2 Differentiability of FBSDE 

Now we come back to the initial FBSDE (2.1)-(2.2). In order to obtain the differentiability 
of this system we require the following additional assumption: 

(MRP) There exists a constant C such that {M,M)t < C, P-a.s.. In addition, there exists 
a continuous L^-martingale N := {Nt)t^[Q^T] i^,^,^) strongly orthogonal to M 
{{M\ N) = 0,i = l,...,d) with (iV, N)t < C, P-a.s. such that the martingale L part 
of the solution of (2.2) can be written as Lt = jQUsdNs, t € [0,T] for a predictable 
square integrable stochastic process U . 

The presence of the additional bracket (L, L) in the BSDE prevents us from applying the 
known techniques for differentiability in the Brownian case as shown in [2, 3, 5]. Neverthe- 
less, under (MRP) we can show that the BSDE in (2.2) can be written as 

yx^va ^p^x^m^ ^rn^ _ Z^^'^dM,. - U^^'^dNr (4.12) 

+ h{r, X^'"", M™, y/^''", Z^'^'q;, U^^'^)dCr, 

t € [0,T], where C and h are defined as in section A.l. Due to hypotheses (MRP) and the 
orthogonality of the martingales L and M, the representation of L as L = U -N where U is a 
predictable square integrable stochastic process is obtained. So the solution (Y, Z, L) of the 
backward part (2.2) becomes {Y,Z,U) in (4.12). The bracket {L,L) is then a component 
of the new generator h, which is quadratic in U We refer to the Appendix A.l, where a 
discussion of the technical aspects is given. Now we can write the system (2.1)-(2.2) as 

X^'"' = x+ f a{s,Xl'^''^,Ml''^)dMs+ fb{s,X^'''',Mr)dCs, (4.13) 
Jo Jo 
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t G [0, T] , where M, q, Z, are defined as in Section A.l and a := [a O), b := bxipi where ipi 
is a bounded predictable process defined in Appendix A.l. A solution {X^'"^, Y^'"^, Z^'"^) € 
5P X 5°° X L'^{d{M,M) dP) of this system exists for a, b satisfying (HSDE) and F, h 
satisfying (H1)-(H3). Therefore we obtain the following result, whose proof follows from 
Proposition 4.5. 

Theorem 4.6. Assume that M be a strong Markov process and that f and F in (2.2) 
satisfy (H1)-(H3) and (Dl)-(D^). Under the assumption (MRP) there exists a solution 
{X^ ,Y^ , Z^) of (2.1)-(2.2), such that X^{io) and Y^{io) are continuously differentiable in 
X € K^""'"'^)^-'^ for almost all u G (we recall that x stands for {x, m) ). 

Proof. Note that the processes Y^ of the transformed BSDE (4.12) and of the original 
BSDE (2.2) coincide. In addition the process (Z^', L^) in (2.2) and the processes Z^ in (4.12) 
are related as follows: Z^ = {Z^,U^) with = Jq U^dNr and A'' is the process coming 
from (MRP). The definition of the driver h of the BSDE (4.12) (see Appendix A.l), the fact 
that / and F in (2.2) satisfy and (H1)-(H3) and (D1)-(D4), imply that F and h satisfy also 
the assumptions (H1)-(H3) and (D1)-(D4). Thus Y^ and Z^ are continuously differentiable 
in X by Proposition 4.5 which concludes the proof. □ 



Proposition 4.7. Assume that M is a strong Markov process and that f and F in (2.2) 
satisfy (H1)-(H3) and (D1)-(D4)- ^From Theorem 3.4 there exists a deterministic function 
u such that Ys'^'^ = n(s, Xs'^'™, Ms'*"), s G \t,T]. Under the assumption (MRP) we have 
that 

i) x^ u{t,x,m) G '(^^(M"^!), {t,m) G [0,T] x M°'^i, 
a) m ^ u{t,x,m) G '^^(M'^^i), {t,x) G [0,r] x M"><1, 

Hi) there exists two constants Ci)C2 depending only on ||-F||oo; a andb of assumption (H2) 
such that 

Ci ^ ^(^) ^) "^) ^ C2 
for all {t,x,m) G [0,r] x M"><1 x M'^^i, 

iv) the maps 

{t, X, m) i-> diu{t, X, m) 

are continuous for i = 2, 3. 

Proof. 

i) Fix (t, m) in [0, T] xM*^^^. As already mentioned, Y^'^'"^ is deterministic and u{t, x, m) = 
Yt,x,m^ By differentiability of y*'^''"^ with respect to x (Theorem 4.6), we obtain that 
X I-)- u{t,x,m) belongs to ^^(R"^^). 

ii) The proof is similar to i). 
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Let {t,x,m) G [0,r]x] 



pnx 1 . 



ixl 



. By [18, Lemma 3.1 (i)] there exists Ci, C2 depending 



only on |-F|ooi o- and b such that Ci ^ y^*'^'™ < fQj- ^11 s in [t, T], P-a.s.. Thus 
Ci ^ ""(^5 X, m) = Y^'^'"^ < (2- Since the constants Ci and C2 do not depend on (t, x, m) 
the claim is proved. 

For better readability we prove this claim for d = n = 1. The moredimensional case is 
a straitforward extension of the following computations where we adapt [16, Theorem 
3.1]. ^From (3.8) we know that Yg'^'"^ = u{s, Xt'^'"^ , Mg'"^) and hence Y^'^'"^ = 
u{t,x,ni). In the following we use the representation (4.13) of the forward backward 
system, that is we use the transformed FBSDE. Then by definition of the driver h 
(see Appendix A.l) the properties of / carry over to h. Thus by Proposition 4.5, the 
processes (V^Y*'^'"', V^Z*'^'"^) satisfy the following BSDE 



d2h{r, e,.(t,x,?n))V^X*'^'™ 
+ d^hir, Qr{t, X, m))V^y/'^'™ + ^5/1(5, e,.(t, x, 7n))g,.V^Z,*'^'™) dCg. 
Thus putting s = t in the above expression and taking the expectation we get 
dxu{t, X, m) 



rt,x,m 



T 



t,x,m 



dMr 



E 



V,F(X^^''", M^"^)V,X^"'™ + {d^Ks, Ouit, X, m)) 
+d4h{s, Qs{t, X, m)) V^y/'"'"^ + d^Hs, Qs{t, X, m))g, V,Z*'"'" 



t,x,m 



da 



Here we have used Qs{t, x, fh) := (Xi'^'*", M*'*", y,*'^'*", zl'^'"^qs)- Let us fix (ti, xi, mi) 
and {t2,X2,m2) with ti < t2 and denote Ql := &l(ti, xi, mi) and 0^ := 0^(t2, 2^2, "^2)- 
We write := x^^'^^'"^^ and analogously X^, Y^, y^, etc. Furthermore we define 
^i,2^{s) '■= ~ '/'(SjQs) foi' any function 93 with values in M. With a positive 

constant c changing from line to line, we have that 

\dxu{ti,xi,mi) - dxu{t2,X2,m2)\ 

< E [V,F(Xi , M^)\/xX^ - V,F(X2 , m2)V,X2] 

+ E 
+ E 
+ E 
+ E 



\d2h{s,el)\\WxXl\ + \dMs,&lmxY,^\ + |a5/i(s,ej)||g,v.zl|da 

/ \Ai,2d2h{s)\\VxXl\ + \Ai^2d4his)\\VxY}\ + \Ai,2d5h{s)\\qsVxZl\dC. 

Jto 



tl 

r /-T 



T 



t2 



T 



\d5Hs, eDwu'^Jl - vJ^,)\dCs 



t2 



< E [|V,F(X^,il4) - V,F(X|,M|)||V,X^| + |V,F(X|,M|)||V,X), - V,X||] 
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+ cE 
+ cE 



^ ' {\qs0s\ + \qsZl\) (iV^Xll + \V^Y}\ + \qsV,Zl\) dCs 

{\qsOs\ + \qsZ]\ + \qsZl\) [\Xl - Xl\ + \MI - M^] + |y/ - Yj\) 



't2 

X {\V.Xl\ + \V^Y}\)dC^ 



+ cE 
+ cE 
+ cE 
+ cE 



^ + \qsZl\ + \qj^\) lUZl - Z])\ {\V^Xl\ + \V^Y}\) dC, 

r \qsVJl\ {\x] -xl\ + \Ml - Mfi + |y/ - y/i) dCs 

J to 



T 



\qsV,Zl\\UZl-Zi)\dCs 



t2 



T 



t2 



\qses\ + \qsZt 

X ( \v^xl - v^xl\ + |v,y/ - v^Y^\ + \U^.,zl - v,zl)\ ) dCs 



1=1 

where we have used the assumptions (D3) and (D4) in the last inequality. Recall that 
{ti,xi,mi) is fixed and t2 > ti- With (4.4) and (4.5) we see 

lim Ti = lim Ti = 0. 

i2— >ti ;X2— ;r?i2— >mi X2^xi 

By the monotone convergence theorem we deduce for the second term 

lim T2 = lim T2 = 0. 

We now deal with T3 
T3 < cE 



< cE 



X E 



< cE 



sup (|V,Xl| + |V,y,l|) / i\qs9s\ + \qsZl\ + \qsZ 
se[o,T] Jt2 

X i\Xl - + |Mi - M^l + |y,i - Y,^\)dC, 

1/2 

sup (|v,xi| + |v.y,i|)'' 

se[o,T] 

l-T 



[ {\qs9s\ + \qsZl\ + \qsZ^\){\Xl -X^\ + \M} - M^\ + \Y} - Y,^\)da 

Jt2 



1/2 



rT 



It2 



T 



.1/2 



{\qses\ + \qsZi\ + \qsZi\YdCs / {\xl -Xi\ + \M', -Mt\ + |y/ - y/|)^da 



i2 
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< cE 



ri\qs0s\ + \qsZl\ + iQsZ^lfdCs 

Jto 



X E 



< c{c+{\x2f + \m2f n\x2 - + |m2 - mil^D, 

where we have used the Cauchy-Schwarz inequahty. Here pi,P2 are two positive num- 
bers given by the a priori estimates Lemma A.l and c is a positive constant. Thus we 
conclude 



Km = hm T3 = 0. 



Similarly one shows 



lim Ts = 0. 

t2—>-ti ;X2— >xi ;m2— >mi 



We now estimate r4 and Tj but we give the details only for T4, since those for T7 
follow the same lines. Applying the Cauchy-Schwarz inequality again we get 



E 

< E 



/ {\qs9s\ + \qsZl\ + IqJ^miZl - Zf)\{\V,Xl\ + \V,Y}\)dCs 

sup i\V,Xl\ + |V,y/|) r^qsesl + \qsZl\ + \qJ^,\)\qsiZl " Z^s)\dCs 
efo.Tl Ju 



< E 



s€[0,T] 

sup {\V,Xl\ + \V,Y,'\f 

se[o,T] 



1/2 



X E 



T X 2- 

+ \qsZl\ + \qJ]\)\qs{Zl " 



t2 



< cE 



< cE 



T 



+ + \qsZ]\fdCs I Mz^ - z-i)\'dc, 



t2 



72\\2, 



t2 



r {\qses\ + \qsZl\ + \qsZl\fdC, 

Jt2 



E 



T 



\qs{z, 



1/2 



1/2 



1 '^2\i2 



da 



t2 



< c(c+ (|x2p + \m2\^r{\x2 - xip + \m2 - 



Here, as before, pi,P2 are two positive numbers given by the a priori estimates Lemma 
A.l and c is a positive constant. This leads to 

lim = hm = 0. 

t2—>ti;X2^xi;m2—>-mi X2^xi;m2—^mi 

Finally we consider the term Tg 

rT 



E 



\q,V.Zl\\qs{Zl - Z-^)\dCs 



t2 
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< E 



< cE 



1/2 



T \ 1/2- 



t2 



t2 



1/2 



< c(|x2 - xi\^ + \m2 - mip)^, 



where the positive constant p is given by the a priori estimates Lemma A.l. Thus we 
have 

lim Tq = 0. 

i2— s>ti ;a;2— >xi ;r7i2— >mi 

The same methodology shows that for fixed {t2,X2,m2) 

hm \dxu{ti,xi,mi) - dxu{t2,X2,m2)\ = 0. 

Similarly, we can show that d^u is continuous in {t,x,m). 



□ 



Example of stochastic basis where the condition (MRP) is satisfied 

Let {B^,B^) := (-B^, -B^ )5g[o,T] be a two dimensional Brownian motion defined on a prob- 
ability space {Q,J-,F) with a terminal time < T < oo and with and B^ being inde- 
pendent. We denote by {J^t)t€[o,T] the filtration generated by {B^,B'^). Then the process 
M := {Bj;)t(z[o^T] is a continuous martingale with respect to {J^t)te[o,T] and it is a {J-^t)te[o,T]- 
strong Markov process. Let = (-B|)fg[o^T] • The martingale representation property for 
{B^,B^) and the strong orthogonality between B^ and B^ entail that the pair {M,N) sat- 
isfies the property (MRP) introduced in Section 4.2. 



5 Representation formula 

In this Section we provide the representation formula (1.3) which generalizes the one ob- 
tained in [2, 3], where M is a Brownian motion. We recall that in the Gaussian setting the 
proof of this formula is based on the representation of the stochastic process Z as the trace 
of the Malliavin derivative of Y. In the general martingale setting of this paper Malliavin's 
calculus is not available, therefore we propose a new proof based on stochastic calculus 
techniques. We also stress that the last term in formula (1.3) vanishes if we assume that M 
has independent increments, a and b do not depend on M in (2.1) and that the driver / in 
(2.2) is independent of M. 

We present the main result of this paper. We stress that this result does not rely on 
the assumption (MRP) made in Section 4.2 since only the regularity of the deterministic 
function u where Y = u{-,X, M) is needed. 
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Theorem 5.1. Assume that M is a Markov process. Assume that (HSDE), (H1)-(H3) 
are in force for the FBSDE (2.1)-(2.2). Then by Theorem 3.4, there exists a deterministic 
function u such that Ys'"^'"^ = u{s, Xt''^'^"' , Mg'^), s € Assume in addition that u 

satisfies: 

i) u{t,x,m) e •^^(M"^^), (t,m) e [0,T] x R'^^^ 
a) m ^ u{t,x,m) e '^^(M'^^i), {t,x) € [0, T] x M"^'^ 

Hi) there exist two constants depending only on ||F||oo, a cind b of assumption (H2) 

such that 

Ci < u{t,x,m) < C2, y{t,x,m) G [0, T] x M^^^ x IR-^^^ 

iv) the maps 

(t, X, m) I—)- diu{t, X, m) are continuous for i = 2,3 

then for all s € [t,T] we have v-a.e. 

Z'f'"" = d2u{s, X'f'"', Ml'"')a{s, X'f'"", M*''") + ^3-^(5, M*''"). (5.1) 

Remark 5.2. i) An interesting particular case of Theorem 5.1 is given when X and M 
are as in Proposition 3.1 ii) and when f in (3.7) does not depend on M. In this 
situation equation (5.1) becomes: 

ZY = a2n(s,X*'^)a(s,X*'^), ly-a.e., 

which coincides with the representation formula derived in [2, 3] when M is a standard 
Brownian motion. 

ii) One may be interested in knowing when u in Theorem 5.1 does not depend trivially on 
M, i.e. when the third term in (5.1) does not vanish. This is related to the Markov 
property given forY and we provide in Section A. 3 an explicit example where u depends 
non-trivially on M . 

Proof of Theorem 5.1. Fix s in \t,T\. For simplicity of notations we drop the superscript 
{t,x,m). We briefly explain the idea of the proof. Assume that the function u introduced 
above is in "^^'^ that is continuously differentiable in time and twice continuously differen- 
tiable in {x,m). Then an application of Ito's formula gives that 

{Y,M.)s = {u{-,X.,M.),M.)s = J [d2u{r,Xr,Mr)a(r,Xr,Mr) + dMr,Xr,Mr)]d{M,M)r, 

(5.2) 

where we denote by {u{-,Xs,Ms),M.)s the covariation vector 

((^x(-, X, M), M.('))„ . . . , {u{;X.,M.),M^''^)s) . 
Then since {Y, Z) is solution of (2.2) we have that 

{Y,M)s = Zrd{M,M)r, s£[t,T]. (5.3) 
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The conclusion of the theorem then follows from the fact that = u{s, Xg, Mg), s € [t,T], 
and from relations (5.2) and (5.3). However we have assumed the function u to be much 
more regular than what it is and so we have to prove the relation (5.2) for u being only 
one time differentiable in (x,m). The rest of the proof is devoted to this fact. For this we 
compute "directly" the quadratic variation between u{-, X., M.) and M. 

Fix i € {1, . . . , d}. Let r > 1 and vr^^^ := j = 1, . . . , r} be a partition of [t, T] whose 

mesh size |vr('')| tends to zero as r goes to infinity with t^^ = t and t^^ = T such that 



lim sup 



,X,M.),M.«),- V n(tgi,XM ,Mm )-n(tf ,Xm,Mw) A.AfW 



where the limit is understood in probability with respect to P, AjM denotes the increments 



of the stochastic process M on t^'^x] ^'^'^ Vs'^'' is such that (pi^ = j with t^- ' < s < 

ij+i- For simplicity of notation the superscript (r) will be omitted. In addition, up to a 
subsequence we can assume that convergence above is almost sure with respect to P. We 
have that 



(r) 



(n(-,X,M.),M. 

{u{tj+i,Xt^ , Mt^ ) - u{tj,Xt^ , Mt^ )) A,-M(^) 

j=0 



lim 

r— >cx> 



+ (n(t,+i,Xf^.^,,Mf^.^J-u(t,H.i,Xf^.,Mi^))A,M« 

j=0 



-: lim 



q{i) , q{i) 



(5.4) 



We treat the two parts separately. First assume that the second term converges, more 
precisely that the relation (5.5) below holds: 



lim sup 



[d2u{r, Xr,Mr)a{r, Xr,Mr) + d3u{r, Xr, Mr)]d{M, M), 



= 0, F-a.s. 
It then follows by relations (5.3) and (5.4) that 



(5.5) 



lim sup 



'^s,r,l 



a.s. 



with 



Ps:= Q Za- d2u{a,Xa,Ma)a{a,Xa,Ma) - d3u{a,Xa,Ma)d{M,M)}i^\ SG[t,T]. 
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We will show that P is P-a.s. identically equal to zero. Since u is not differentiable in time, 

(i) 

one can a priori not say how the sum Sy^.^ behaves asymptotically. However, we know that it 
converges and that its limit is absolutely continuous with respect to d{M, M). Heuristically, 
this means that each term of the form u(tj_|_i , Xf. , Mt- )—u{tj , Xt- , Mf- ) behaves like a process 
times an increment of AjM^^^ which is not possible since u is a deterministic function. We 
will show that P is a local martingale. Since by definition, it is a finite variation process we 
will have P = 0. We first make the following assumption that we will relax later. Assume 
that 

E[|P,|]<oo, yse[t,T]. (5.6) 

Now fix t < si < S2 < T. For a point tj in the subdivision considered above we define 
6ju:= u{tj+i,Xt. , Mt.) - u(tj,Xt. , Mt.). We have that 



E 



lim V 5^u/\^M^'^\Fs, 

r->oo ^-^ J J 1-1 
i=0 

lim V 5jnA,-M« + (M,, - M^^\Fs, 

j=0 



(5.7) 



since by continuity of the martingale M, linv_j.oo — M^p^^ = 0, P-a.s. (recall that 



ips2 tends to S2 when r goes to infinity). In addition since the function u is bounded 
(by Proposition 4.7 iii)), the sequence 

(EJ=o ^ <5jnAjM(*) + {Ms, - M^^j)^ is uniformly 



bounded. Indeed we have that 



E 



^ 6juAjM^'^ + {Ms, - Mt^ 

j=0 

E[|5,np|A,-Af«|2] +E[\Ms,-Mt^J\ 

j=0 



< c 



E 



+ n\Ms,\']-E[\Mt^J] 



j=0 



c{E[\Ms 



m) 



thus supj. E 



E5 U,uA^M^^ + {Ms,-Mt^) 



< c(E[|Ms2p] - m) < oo. Using the 



Lebesgue dominated convergence Theorem in (5.7) we get 



ElPs^lTs^] = lim E 



J2 5,uA,M^^ + {Mf) - Mfl )\Ts, 

j=0 



lim V 5jtxAjAf«+E {5^n)A M^^\Ts, 

\ 3=0 
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i = (/3sj+l 



j=0 



Thus P is a martingale which has (by definition) finite variation, so it has zero quadratic 
variation and hence 

Ps = 0, Vs € [t, T] 



which proves 



hm sup |S'^'^i| = 0, F — a.s. 



Now we have to relax the assumption (5.6). Since P is a continuous semimartingale by 
definition there exists a sequence of stopping times {Tm)m with limm„>oo Tm = P-a.s. 
such that {PshTm) s£[t,T] is integrable for all m > 1. Using this localization the previous 
argument leads to Psat^^ = for all s G [t,T], P-a.s.. By letting m go to infinity we get 

lim sup = 0, P-a.s.. 

It remains to show that relation (5.5) holds. Let s G [t,T]. We have that 



j=0 



■ lim 

r— ^oo 



j=0 



+ J2 («(ti+i,^t,+i,Mi^.^J-u(t,-+i,Xt^+,,Mt^))A,-M» 

j=0 



(5.8) 



In addition we can write 

u{tj+uXt^^^ , Mt. ) - u{tj+i,Xt^ , Mt^ ) 



k=l 



Y(uit,^i,xif,...,xi^-'\x^^l,...,XiZ,M, 



(n) 

j+i' ■ "J- 



u{t,^„x^\...,xi;-'\x!;\...,x^^,M,^)^. 



Each term of this sum can be written as 



.(fe-l) y{k) 



(52n)(A,X«,...,A,x(-))* 



3 + 1 

(5.9) 
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where := [di+kn{t,+u X« , . . . , X^^^ , . . . , X^^^ , M*, ) 

is a suitable random point in the interval [X^'^^ A xj:^^_^, X^'^^ V X^^*^^]. Similarly we obtain 

^x(t,+i,Xj^,^,,Mt^,^J - u{t,+i,Xt^^„Mt^) = {d3u){AjM^'\. . . , A,-MW)* (5.10) 

with dsu := [di+^+kn{tj+i,Xt^^, , M^f , . . . , Mi^-'\ Mi^\ Mi^+'\ M';:f_^S) Com- 
bining relations (5.8), (5.9) and (5.10) we deduce that 



(fc-i) y{k) y{k+i) 



.(n) 



and X 



(fc) 



l<fc<n 



j=0 L 

+ {d~3u){AjM^^\. . . , AjM('^))*AjM(*) 



(5.11) 



= ^lim ^ [d2u{tj,Xt^,Mt^){A,X^'\. . . , A.X^"))* A,M« 

+ 93^x(t„Xj^,,MtJ(A,-M«,...,AjMW)*A,-M« +i2(i,j,r) 

where R{i,j,r) is defined as 

/?(i,i,r) = {{d~2u) - d2u{t,,Xt^,Mt^)) (AjXW, . . . , A,-X("))*A,-M« 



(5.12) 



+ {(dsu) - d^tv^h ' ^t,)) (A,m(i), . . . , A,-M('^))*A,M». 



Since 



lim d2u{tj,Xt^ , Mt^. )(AjX(^\ . . . , A^-X^"))* A^-M^*) 



(5.13) 



+ {dzu){AjM^^\ AjM('^))*AjM« 



[d2uir, Xr, M,)a(r, X„ M^) + a3tx(r, X,, M,)] (i(M, M), 



(i) 



(5.14) 



relation (5.2) follows from equations (5.11) and (5.13) provided the following equation (5.15) 
holds: 

sup J2 Rihj,r) 



lim 

s>oo 



t<s<T 



j=0 



0. 



(5.15) 



We conclude the proof by showing relation (5.15). Let 



sup {|(9i+fcn(s2,Xa,MsJ - 9i+fcn(si,Xfe,MsJ|} and 

\si~S2\<\tt^'^^, a,b£[si,S2], k=l,...,n 

-B^ := sup {\di+n+ku{s2,Xs2,Ma) - di+n+ku{si,Xs2,Mb)\}. 

\si—S2\<\tt^'^^\, a,feS[si,S2], k=l...,d 
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For l<i<(i, rGNwe have for any s in [t, T] that 



j=0 

ips — ^n i/9s — 1 d 

j=0 fc=l i=0 A:=l 



j=0 fc=l 
r-1 



j=0 k=l 



k=l 
d 



r-1 



k=l 



r-1 



r-1 



^|A,,mW|2+^|A,,M«|^ 
ii=i i2=i 



Thus 



v^s-i 

sup ^ \R{i,j,r)\ 



t<s<T 



j=Q 



< 



k=l 



x;iA,,x('^)p+x;jA,,M«p 

ii=i j2=i 



fc=l 



r-1 



r-1 



^|A,,mW|2+^|A,,M»P 
ii=i i2=i 



According to Proposition 4.7 iv) we have that 

hm = hm S^'") = 0, 



a.s. 



On the other hand 



which concludes the proof. 



□ 



As an immediate consequence of Proposition 4.7 and of Theorem 5.1 we get the following 
corollary. 

Corollary 5.3. Assume that M is a Markov process. Assume that (HSDE), (H1)-(H3) 
are in force for the FBSDE (2.1)-(2.2). Then by Theorem 3.4, there exists a deterministic 



function u such that y^'^'™ = u{s, Xg'^'"^ , Mg'"^), s € [t,T]. Assume in addition that the 
assumption (MRP) (see Section ^.2) is in force, then for all s G [t,T] we have u-a.e. 
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6 Application to utility based pricing and hedging in incom- 
plete markets 

In this section we study the exponential utihty based indifference price approach for pricing 
and hedging insurance related derivatives in incomplete markets. Thereby we will interpret 
relation (5.1) as a delta hedging formula. Since in the Brownian setting it is shown in [3] 
that this relation can be expressed as a function of the gradient of the indifference price 
and correlation coefficients, we only sketch the arguments here. Let us explain how these 
quantities translate into our local martingale framework with the more complex Markovian 
structure. Consider an n-dimensional process describing non-tradable risk 

Jit,r,m = ^ + r ^(^^ Jit,r,m^ M^ndM^ + /' b{u, R'/'"^ , UlndCu, S G [t, T], 
Jt Jt 

where a € M"^"^ and b € M"^-*^ are measurable functions. An agent aims to price and hedge a 
derivative of the form F{Rtp'"^), with F being a bounded measurable function. The hedging 
instrument is a financial market consisting of k risky assets in units of the numeraire that 
evolve according to the following SDE 

dSs = 5,(/3(s, R'f^"', Ml^dMs + a{s, R'f^"', Ml^^)dC,) , s G [t, T], 

where the measurable processes a and /3 take their values in M'^^^ resp. in 

^kxd_ Observe 

that the price processes of tradable assets S are linked to the risk process via the martingale 
M, its quadratic variation and the functions (3 and a. In addition we assume k < dm. order 
to exclude arbitrage opportunities. The small agent's preferences are represented through 
the exponential utility function with risk aversion coefficient k > 0, i.e. 

U{x) = -e"''^, X G M. 

The agent wants to maximize his expected utility by trading in the market. His value 
function is given by 



V {x,t,r,m) = supE 
A 



i=i -'^ Ss 



where x is his initial capital and A^*) denotes the momentary value of his portfolio fraction 
invested in the i-th. asset. This optimization problem can be reduced to solving a quadratic 
BSDE whose generator has been given in [12] for the Brownian case and then extended to 
our setting in [18]. A way to price and hedge the derivative is to consider the 

indifference price p{t,r,m) defined via V^{x — p{t,r,m),t,r,m) = V^{x,t,r,m). Accord- 
ing to [3] the indifference price can be expressed as p{t,r,m) = y^-*!'"'"* — yO,t,r,m^ where 

^yF,t,r,m^^F,t,r,m^^F,t,r,m) -g ^-^^ golutiou of the BSDEs 

Yp,r,m ^j,(^j^t,r,m^ _ / Z^^^'^'^^dM^ + / f{u, R'/^"" , M*''", Z^^'^'^"" ql)dCu 
J s J s 

dL^'*'"''" + - / d(L^'*'''™,L^'*''-'™)„, te[0,T], (6.1) 
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where the generator / is obtained exphcitly through the martingale optimahty principle, c.f. 
[12, 18], and possesses properties covered by the hypotheses of Theorem 5.1. To implement 
utility indifference, we have to describe the optimal strategies and A'^. In [12] it is shown 
that A^/3(-,i?*'^'™,M*''") (and A°/3(-, i?*-''-™, M*''")) are given by the projection of a linear 
function of Z^'^'^q* (respectively Z^'^'^q*) on the constraint set. Since 72*'^'™ is not tradable 
directly, /3 plays the role of a filter for trading in the market. Due to [3] the optimal strategy 
to hedge FiR'rf'"") can be decomposed into a pure trading part A'^ and the optimal hedge 
A, which is the part of the strategy that replicates the derivative F{r!^'"^). Using the 
Markov property given in Theorem 3.4, we see that there exists a deterministic function 
such that y^'*'^'™- = it^(-, i?*'^'™-, M*'™"). Moreover, the projection mentioned above can be 
explicitly expressed. Indeed from [3, proof of Theorems 4.2 and 4.4] we have 

Af - A" = (Zf'*'^'- - zO'*'^'™)g:/3*(/3/3*)-i/3(5,ii*/'™,Mi'-), s G [t,T]. 

This leads to 

A(t,r,m) = (F - X^WWn-\t,r,m) = (Zf'*''''™ - Z°'*''-'™)q;r(/3r ^, "^)- 

Using formula (1.3) we derive 

A(t,r, m) = [d2p{t,r,m)a{t,r,m) + dsp{t,r,m)]q*f3*{f3f3*)~^{t,r,'m). (6.2) 

We emphasize that, as a consequence of the particular form of the driver / in (6.1), if M 
has independent increments and the coefficients a, b, (3 and a do not depend on M (see 
Remarks 5.2 ii) and in)), then relation (6.2) is replaced by 

A{t,r) = [d2p{t,r)ait,r)]q;f3*il3n-Ht,r). (6.3) 

Finally, note that we obtain formulae (1.3) and (6.2) under condition (MRP) (see Section 
4.2). However we believe that this condition is not necessary for deriving (6.2). 

Concluding remarks 

In this paper we prove the representation formula (1.3) for the control process of a quadratic 
growth BSDE driven by a continuous local martingale. This can be used for giving an explicit 
representation of the delta hedge in utility indifference based hedging of insurance derivatives 
with exponential preferences. We also provide the Markov property and differentiability of 
the FBSDE (2.1)-(2.2) in the initial state parameter of its forward part. This last property 
is obtained under an additional assumption (MRP). However, we think that differentiability 
should hold without this assumption and that different techniques have to be developed for 
achieving this goal. 

Additionally, as already mentioned in this paper, Malliavin's calculus has been used by 
several authors to recover formula (5.1) in the Brownian framework. Our alternative method 
is valid in this setting and seems to present advantages in some practical situations. Actually, 
Malliavin's calculus is known for its efficiency in several topics however it also requires 
usually more regularity than the problem needs intrinsically. In [1] the authors study the 
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quadratic hedging problem of contingent claims with basis risk when the hedging instrument 
and the underlying of the contingent are related via a random correlation process. As given 
in [1] the hedging strategy is described via a representation formula of the form (5.1) for 
the control process of the backward part of a FBSDE driven by a Brownian motion. In 
this case the coefficient of the forward process depends on a correlation process p which is 
itself solution of a Brownian SDE. As explained in a comment in [1, Section 3.4] the use 
of Malliavin's calculus enforces that the derivatives of the coefficients of the SDE defining 
p have bounded derivatives. This additional regularity is not necessary in our approach 
and would allow one to consider more examples of correlation processes with only locally 
Lipschitz bounded derivatives. 
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A Appendix 

In the first section of this appendix we provide the transformation of a BSDE of the form 
(2.2) which is needed in Section 4, and give a priori estimates on the solution of the trans- 
formed BSDE with respect to its terminal condition and its generator. Then in Appendix 
A. 3 we present an explicit example of situation described in Proposition 3.1 ii). 

A.l Transformation of the BSDE (2.2) under (MRP) 

We start giving a justification that under (MRP) the BSDE of the form 

Yt = B- ZsdMs+ fis,Ys,Zsq:)dCs- dL^ + - d{L,L)s (A.l) 
Jt Jt Jt ^ Jt 

can be transformed into a BSDE of the form 

Yt = B- [ ZsdMs+ [ his,Ys,Zsq*s)dCs, (A.2) 
Jt Jt 

where for all s G [0, T] 

M.:=('^;), g.:=('^^^^ Cs:=.rct.n(^Y.{M(^M(% + {N,N)}j , 

Zs := [Zs, Us), with ipi and ip2 denoting two non-negative positive predictable processes 
defined below. Let 

1+ (Eti{M^'^^Mii))s + {N,N),''^ 
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and 



d{N,N), 



1+ (Eti{^'-'\M(i))s + {N,N), 



2 • 



For every u in Q, the measure dfil{uj) (respectively dfi^{uj)) is absolutely continuous with 
respect to d{fxl + fj,f){uj). Hence, since /i^ and are predictable processes [8, Theorem 
VI. 68 and its remark] imply that there exist two predictable processes fi and f2 such that 



ipi{s)d{ti + iy){s), f4= ip2{s)d{n + u){s), Vte[0,T]. 



In addition we can show that < ipi{s) < 1 for all s in [0,T] P-a.s. for i = 1,2. Let 
i = 1,2. Because (pi is a density, it is non-negative. For the proof of the boundedness from 
above and we follow for example [10, Relation (*) p. 176]. Fix uj in i}. Let E := {s G 
[0, r], 1 — ipi{s){uj) < 0}. On the one hand, since d{jj,^ + /i^)^ is a positive measure, it is 
clear that f^{l — ipi{s))d{fil + /u^) < 0. On the other hand we have that 

1^(1 - ^^{s))d{^il + /i^) = + _ + 

Thus (/i^ + fi'^){E) = and so ipi < 1, v-a..e.. Recall that 



dC, 



2 • 



We have for t G [0, T] 

rT 



fis,Y,,Z,q:)dCs + 



fis,Ys,Zsq:)dCs + 



f{s,Y„Zs{q:Ki] 



2Jt 



d{L,L)s 

T 

U^d{N,N)s 
Y.Ud{M^^,M^^), 



+ 



g{s,Us) 



d{N,N), 



2 ' 



where for s £ [t,T] 



fis,y,z) := < 



f(, V ^.;,f^:)-l/2^ l+(Eti(MW,MW). + (7V.jV). 



if (/^i(s)^0. 



f(s,y,u) X — ; — — — — — -3 — II ipils) = 
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and 



With this definition we have that /(s, Ys, Zsql) = /(s, Ys^ {Zsql)i). Hence 



^ f{s,Ys,Zsq:)dCs + ^ 1^ d{L,L) 



It ^ Jt 

f{s,Ys,Zs{qs)i,i)Vi{s)+g{s,Us)ip2{s) ' 



l+{Eti{M^'\Mi^))s + {N,N), 



As a consequence, letting 

h{s,Ys, ZsTs) ■■= f{s,Ys, {Zsq:)i)Ms) + 9{s, {Zsq*s)2) 
= f{s,Ys,Zs{q*)i,i)(pi{s) +g{s, (^5^)2) 

we obtain that (A.l) can be written as 

Yt = B- r ZsdMs - r UsdNs + r h{s, Ys, Zsq*s)dCs 
Jt Jt Jt 

and if the initial generator / satisfies the hypothesis (H3) , so does the generator h since (pi , 
ip2, (M^*\ M^-'-*)^- and (A^, N)t are bounded processes for all i,j in {1, ... , d}. In particular 
h preserves the growth in the variables y,z,u. Hence we derive at BSDE (A. 2). 

A. 2 A priori estimates 

Now we assume that M itself satisfies the martingale representation theorem and we consider 
the following BSDE 



Yt = B- r ZsdMs + r f{s, Ys, ZsqDdCs 
Jt Jt 



(A.3) 



where M, q, C are defined as in Section 2. Suppose that the terminal condition i? is a 
bounded real-valued random variable, the generator / satisfies assumption (H4) and that 
(y, Z) is a solution to (A.3). The following a priori inequality is crucial for our differentia- 
bility and representation results. 

Lemma A.l. We assume that for every P >l we have /^f |/(s, 0, 0)|dCs S L^(P). Let 
p > 1, then there exist constants q S (l,oo), c > depending only on T, p and on the 
BMO-norm of K ■ M such that 



\qsZ:\^dC, 



E 


sup \Yt\'^P 


+ E 


[a 




te[o,T] 
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< cE 



0)1 da 



2pg 



Proof. In the following, positive constants appearing in inequalities will be denoted by c 
and ci and may change from line to line. We follow [5, Lemmata 7-8 and Corollary 9] (see 
also [3, Lemma 6.1]) which have been designed for the Brownian setting. However, as we 
will show below their arguments can be extended to the case of continuous local martingales. 
We proceed in several steps. 

In a first step we exploit properties of BMO-martingales. Let 



' f{s,Ys,Z,qt)~f{s,0,Zsqt) 

0, 



' f{s,0,Zsq:)-f{s,0,0) ^ 

0, otherwise. 



if Ys + 0, 
otherwise, and 

if |g,z,*|Vo, 



Then BSDE (A.3) has the form 



Yt = B- r ZsdMs + r {JsYs + {qsH:){q,Z:y + f{s, 0, 0)) dCs, t G [0, T]. (A.4) 
Jt Jt 

Due to (H4) we have \qH*\ < \qK*\ and it follows that H ■ M is a BMO(P) martingale. 
Furthermore we know from [15, Theorem 3.1] that there exists a q > 1 such that the reverse 
Holder inequality holds, i.e. there exists a constant c > such that 



£{H-M)^''E E{H-M%\Ft 



< c. 



(A.5) 



By [15, Theorem 2.3] the measure Q defined by 
Girsanov's theorem implies that 



£{H ■ M)j'(M' is a probability measure. 



A = Z -M 



{qsH:){qsZ:rdCs 



is a local Q-martingale. This means that there exists an increasing sequence of stopping 
times (T")neN converging to T such that A.^t" is a Q-martingale for any n € N. Letting 
et = exp(2 Jp \qsK*\'^°'dCs), t € [0, T], with Ito's formula applied to etY^ we have 

d{etY,^) = 2\qtKl\^''etY^dCt + 2etYtdYt + et\qtZl\^dCt 

= 2\qtK*t\^''etY^^dCt + 2etYtdAt - 2etY^^JtdCt - 2etYtf {t, 0,0) dQ + et\qtZ;\^dCt, 

where we used (A.4). With the inequality Jt < \qtKf\'^'^, t G [0,T], which follows from 
assumption (H4) we know for t G [0, r"] 

etY^ <er^Y^^ - f 2etYtdAt + [ 2etYtf{t,0,0)dCt - [ et\qtZ;\^dCt. 
Jt Jt Jt 

Note that > 1 for all t G [0, T] and hence 



etY/ + 



\qsZ;\'^dCs <er^Y% 



2esYsdK,+ / 2esYsf{s,0,0)dCs. (A.6) 
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In a second step we provide an estimate for Y. We want to take the conditional expec- 
tation under the new measure Q of the previous equahty. Therefore we need to check the 
integrabiUty of the involved terms. Observe that 



et < exp (^2 ^ \qsK:\'"'dCs^ ,t e [0,T]. 



(A.7) 



Using successively the monotone convergence theorem and Jensen's inequality we derive for 
p> 1 



E 



exp 



iP f 
Jo 



<CtV^e (/ \qsK:fda 



The Holder inequality again along with inequality [15, p. 26] gives 



E 



exp(p / iQsKl^'^dCs) 



^ {p\\K . M\\l\,oX' . 

< C > rj < OO. 



(A., 



n>0 



Thus the process e belongs to 5^(P) for all p > 1 and using the Holder inequality and 
formula (A.5) we see that Cr^Y!^^, erl-Bp and j'^ 2et\Yt\\f{t,Q,Q)\dCt is in LP(Q) for ah 
p>l. In the same way we get the integr ability of 2es\Ys\dks. Hence we are allowed to 
take the conditional expectation in (A. 6) on both sides. 



etY^ < E^ 
Now we let n tend to infinity 

ejy/ < lim E' 



+ r 2es\Ys\\fis,0,0)\dCs\Tt 
Jo 



< 



er,,Yl+ [ 2es\Ys\\f{s,0,0)\dCs\Tt 
Jo 

eT\B\^+ [ 2es\Ys\\fis,0,0)\dCs\Tt 
Jo 



where we may apply the dominated convergence theorem because of (A.7). The Young 
inequality with a constant ci > gives 



Y/ < E*" 

< E^ 

< E^ 



£l|ij|2 + 2 r ^\Y,\\fis,0,0)\dCs\J't 

eT\B\^ + - sup \Yt\^ + cieU[ \f{s,0,0)\dCsf\J't 
ci tefo.Tl Jo 



— sup \Ytf + e^erlJ't 
ci te[o,T] 
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where we set Qt = \B\'^ + 2ci(/q^ 0, 0)\dCs)'^ and we take into account that e^/et < er 
for all s, t € [0, T] and ex < e|,. Let p > 1, then we have 



sup \Yt\'^P < sup E*^ 

iG[0,T] te[0,T] 

We apply Doob's inequality to obtain 



- sup \Yt\^ + e^T&rlJ't 
ci te[o,T] 





sup \Yt\^P 















< cE*" 



- sup \Yt\^ + elerlTr 

Cl t6[0,T] 



1 sup lYtfP + el^QPj 

Cl tG[0,T] 



and choosing ci such that c/c^ < 1 we have 



E^ 



sup \Yt\^P 
te[o,T] 



< cK^ 



(A.9) 



In Step 3 we give an estimate on Z under the measure Q. For p > 1 we deduce from 
(A.6) 



(^1^ \qsZ:\^dCs^ <c(^\err^Y,l\P + 



e.Y,dA, 



+ ( 2es\Ys\\f{s,0,0)\dCs 



Then the Burkholder-Davis-Gundy and two times Young inequality (with constants ci, C2 > 
0) imply 



r" N 3 

\qsZ:\^dCsj 



e^T sup \Yt\^P 
te[o,T] 



+ E'' 



+ E'' 



T \ P 

2es\Y,\\f{s,0,0)\da 







<c E^ 



sup \Yt\^P 
te[o,T] 



(ci + C2)ei^ sup lltl^^ 



iG[0,T] 



E^ 



If / |/(s,0,0)|dC, 



2p- 







-(r 







and because < and Fatou's Lemma we have 







sup lYtpP 




{^j^ \qsZ:\^dc)j 


<c^E^ 


+ E 






iG[0,T] 





2p 
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We use the Holder inequality with r > 1, the estimate (A. 9) and the Holder inequality with 
k > 1 again to deduce 



T \ P 

\qsz:\^da 



< c 



2pr 
^1 — 1 



2prk 



sup 

te[o,T] 



T \ 2p' 

\f{s,o,o)\da 







E^ 



Qprk 



T \ 2p' 

\fis,0,0)\dCs 







|_g|2prfc _|_ 



2^ ^ 2'p'rk' 

\fis,o,o)\da 



1 

rfc 



(A.IO) 



Here we applied (A. 8) and in the last inequality we employ the Holder inequality with 
exponent rk to the second summand in order to obtain the last estimate. We utilize the 
Holder inequality with rk to (A. 9) and hence have 





sup \Yt\^P 


<cE^ 






te[o,T] 







\ 2prk' 

\f{s,0,0)\dCs 



J_ 

rk 



(A.ll) 



In step 4 we finally want to take the expectation under the measure P. Let us define 
Mt = Mt- /g Hsd{M, M)s and note that since H ■ M is a BMO(P) martingale the process 
H ■ M and hence —H-M are BMO(Q) martingales (see [15, Theorem 3.3]). Furthermore by 
[15, Theorem 3.1] there exist aw,w' >1 such that £{H ■ M)t G U"{¥) and £{-H ■ M)t G 
L"''(Q). As £{H ■ M)-i = £{-H ■ M) we have dF = £{-H ■ M)TdQ. Now using the Holder 
inequality with the conjugate exponent v of w (and v' of w^) and estimate (A.ll) we deduce 



E 



sup 

t£[0,T] 



£{-H-M)t sup \Yt\^P 
te[o,T] 



< E*" 



£{-H ■ M)^ 



E^ 



sup 

te[o,T] 



<c E^ 



\B 



2pv'rk 



.J' ^ 2pv'rk' 

+ ( 1^ \f{s,o,o)\da 



rk 



<cE[£{H ■ M)'"]^E 



^^2pvv'rk^ f£\f(^s,0,0)\dCs 



2pvv'rk' 



Setting q = vv'rk and treating estimate (A.IO) similarly gives the desired result. 



□ 
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A. 3 Additional material on Markov processes 



We now provide an example where the function u in Theorem 3.4 does not depend triviahy 
on M. 

Let M := (Mj)^g[o,T] be a continuous martingale with non-independent increments that is 
also a Markov process with respect to a filtration {J't)t&[o,T]- Let X := {Xt)t^[o^T] be the 
solution of the SDE 

dXt = f a{a,Xa)dMa, t E [0,r] and Xq = 0, 
Jo 



with 



a[a,x) 




ifa>f 
if a <'^. 



Note that the coefficient a is Lipschitz in x for every a and that it is right continuous with 
left limits in a for every x; as a consequence X admits an unique solution by [22, V. Theorem 
35]. Consider a simple BSDE of the form (3.7) with / = 0, k = and F{x) := log(l + x). 
Note that F is not bounded but in this special case the existence of a solution to the BSDE 
may be constructed directly. Our aim is to show that E[F(X5")|J-j] is not a trivial function 
of M for t E [0,r]. By Ito's formula we have 

FiXr) = log(l + + j\l + Xs)-^dXs - ^((M, Af)T - (Af,M),^T), 



and hence 



1, 



¥.[F{XT)\Ft] =\og{l + Xt) - -E[(M,M)t- (M,M),yT|Ji] 



:log(l + Xt) - Je[M2 - Mir \Ft] 
: log(l + Xt) - ^E[M2 - M^r \Mt] 



2 



since M is a Markov process. Choose < t < ^ and then by definition of X, the last term 
on the right hand side above cannot be expressed as a trivial deterministic function of {t, Xt) 
since Mg cannot be deduced from Xs for s < ^. However this term is deterministic and 
only depends on t if M has independent increments. This gives an example of a situation 
where the function u in Theorem 3.4 does not depend trivially on M. 
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